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Abstract: this article describes a mathematical model of an oil field in a
cylindrical coordinate system, taking into account the planned time to put the
field into operation. Article displays the results of numerical calculations of the
reservoir pressure and production rate’s values for the resulting model. The
formulation of the difference problem is performed to calculate the values of
bottomhole pressure and contour pressure (for approximation the Duhamel
integral, the right rectangles method is used, the Thomas method is used to solve
the difference problem), in addition, calculated the values of production rate
function during putting the oil field into operation.
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Maszaprxuna Ceemnana IOpuesna — cmyoenm-macucmpanm,
cneyuanu3ayusl. mexHuKa u mexHoao2us,
Kagheopa mamemamuiecko2o u KOMIbIOMEPHO2O MOOEIUPOBAHUS,
Mesicoynapoonulii yHusepcumem uH@GOPMAYUOHHBIX MeEXHOL02UIL,
2. Anmamet, Pecnyonuxa Kazaxcman

AHHOmMauua. 8 OamHOU cmamve ONUCHIBAEMC MamemMamuieckas Mooeib
HepmMAH020 MeCmOopoHCOeHUsI 8 YUTUHOPUUECKOU cucmeme KOOPOUHAM C
yuemom NIAHUpPyemMo20 BpeMeHU 6800d MeCMOPONCOeHUs. 8 IKCHIYAmayuio,
0mobpadiceHvl  pe3yIbmamvl YUCIEHHbIX GbIYUCTIEHUL 3HAYEHUl NIACMO8020
odaesnenuss u Oebuma O NOAyYeHHOU mooenu. llpouzsooumcs nocmanosxa
PA3HOCMHOU 3a0auu OJisl BbIYUCAEHUS 3HAYEHUL 3A00UHO20 U KOHMYPHO2O
oagnenus (01151 annpoxkcumayuu uwrmeepana Jroamens ucnonv3yemcs memoo
NPAagulX NPAMOY2OTbHUKOS, O/ peuleHUss PA3HOCMHOU 3a0adu UCNOJb3Yemcs
memoo Tomaca), a makdxce @ynkyuu Oebuma 6 npoyecce 6800a



mecmopoxcoenus 6  oxkcnayamayuto.  Ilomyuena  pasnocmmuas — ghopma
NOCMABNEHHOU 3a0a4U, a MAaKdxHce NPOoU3eeoeHd KOMNbIOMEPHAS peanu3ayusl
PA3HOCMHOU 3a0ayu, pe3yibmamyvl KOmMopou 0moopasicensl 8 O0AHHOU CMAambe.

Knroueevie cnosa: moodenuposanue negpmu, oOasneHue niacma, UUCIEHHOE
Mooenuposanue, YuruHopuyecKkue KOOpOUHambl, IKCNILYAMAaAyusl.

Introduction

Reservoir pressure is one of the important indicators for oil field
development assessment. During the stage of modeling, calculation of contour
and bottomhole pressures is significant stage, after which can be estimated the
productivity of well and analyzed the optimal regime of oilfield development.
For example, to get information about recommended diameters or length of
pipes, necessary to calculate reservoir pressure and saturation pressure, which
we can take with the help of mathematical modeling and numerical calculations.

In practice, when a well production is started, the pressure (in comparison
with the reservoir’s pressure) decreases. In the area of the bottom of the well
should be observed areas of reduced pressure. The beginning of the production
Is made with a constant value of production rate until the establishment of the
optimal pressure.

Problem statement
The contour of the oil field has a shape close to the circumference.

Fig. 1. Qil field contour

It is defined that (r,@) — nonlinear coordinate  system:
X = rcose
y = rsing
zZ =7Z

To consider the process, lets define the region (X, y, z, t) and write the
piezoconductivity equation in the given region: (1)
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where x(r) — piezoconductivity indicator for the oil, mT

Kk
x1=— 1.<r<h

1B
x(r) = P @)
X2=—— h<r<R
KoB

Where p - oil viscosity.

The formula (2) is called the Carslow-Jaeger formula, which was obtained in
1964[1].

B — coefficient of viscoelasticity of an oil formation, Pia.

Equation (1) can be simplified by considering separately the plane-parallel
and axial-symmetric motion of the liquid.
Let's put forward the hypothesis of symmetric-radial motion (towards the well

P
Q
1. —well’s radius

% =0 ):
R — field’s radius
Fig. Quuoxa! Texcm ykazannozo cmuis 6 00OKyMeHme omcymcmeyem.?2.
Symmetric-radial motion

Suppose that the motion is homogenius. It should be noted that the well can
be perfect (Z—Z = 0) and non-perfect (Z—Z # 0) . For a perfect well Z—Z = 0 plane-
parallel motion is a homogenius motion in one plane. To describe the filtration
process in an anisotropic oil formation, the Darcy law is applied.

The filtration rate is directly proportional to the pressure gradient in the
porous medium and inversely proportional to the dynamic viscosity of the filter
gas or liquid. In this law, the ability of a rock to flow liquids and gases is
characterized by a coefficient of proportionality k. In the Sl system, the
permeability coefficient is measured in [m?]; In the GHS system - in [cm?]; In
the system of NPG (oilfield geology) - in [D] (Darcy):1 D = 1,02:10-8 c¢m?=
1,02 10-12 m?= 1,02 mem? = 1 mem?. [2]

.k
V= ;sVP (3)

where: k - permeability tensor, m?;
u — viscosity coefficient, Pa*s;
For water u,, = 1 mPa * s is acceptable,
For oil take uy, = 4.5 mPa * s,
k =0,1%10"12m?
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Units of measurement for the formula (3): Pm m2e ="

axs m S

Let's advance one more hypothesis: P(r, ;) = P(r,@,), P; # P,.

Taking into account all the points determined above, we formulate a one-
dimensional equation (4):

=2 @

To construct a mathematlcal model and its solution, we define initial
boundary conditions and construct a boundary value problem.

At the initial instant of time (t = 0), the required function P(r, t) takes the form

P(r):

Pli=g = Py(7) (5)
We also define the conditions on boundaries of the domain:

Ploer = P:(t)  (6)
sl =Q® ()

u  or

Where:

P.(t) - contour pressure;

S —surface of the well;

Q (t) - production rate of the well.

The problem (4) - (7) is called the boundary value problem.

To calculate the production rate Q (t) of an oil well, 1 will introduce an
additional condition, since both the production rate and other key indicators of
oil well productivity depend on the time of putting the well into operation.
Denote t* - the time of putting the well into operation. Now, considering this
index, we will write the equations for calculating the production rate: (8)-(9)

af (t) , 0<t<t (8)

Q) = {af(t*) =Qmax » t° <t < thax 9)

Where a is the rate of oil extraction, f (t) is some function that depends on the
time t.

Q(t)

Omenc

t#
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Production rate

For the problem solution, it would be more reasonable to find a pressure by
the scheme depending an a variable step, so let’s determine this step by the
following function:

u=In=, Upy = ln (10)

w
Thus, the function of pressure depends on u and t: P(u,t)
And the initial mathematlcal model transforms to:

Z_It) - ezu 6u( (TC ) _) (11)
P|t o = Po(re") (12)
e Tl = Q1) (13)

P|u=umax = Pc(t) (14)

The values of the contour pressure will be calculated from formula:
APc(t) = Py — P.(t) (15)
Where P, - initial contour pressure, the value of AP.(t) is determined by
solving the Duhamel integral: [4]
_ Mw T0Q |x()(t-T)
AR(t) = 2bkh 70 9t n dr (16)

Where b is the width of the deposit, h is the thickness of the reservoir, t is the

dimensionless time determined from the dependence: t = t);(zr) ., My — Water
Viscosity.
Since it was already indicated in formulas (8) - (9) that Q (t) = af (1),
Then it is obvious that the derivative:
0@ _0Q or _ If® _ of@ ., _ x() /(@
9t  odt ot ot foks “ R ot
We introduce an additional notation to S|mpI|fy the notation:

waJZ(T)
c(r) = —”le‘kfé (17)

c(r) frf’(r)\/(t —17)dTt, 0<t<t* (18)
0
C(T)f'(t*)v (t - T) , U<t < tmax (19)

Numerical calculation and results interpretation

To calculate the Duhamel integral by formulas (18) - (19), we use the
approximate method of solving the integral (rectangle method).

Right Rectangle Rule: You can approximate the exact area under a curve

between a and b, f: f (x)dx with a sum of right rectangles given by this formula:

Ry ="2(flr) + )+ + () (20)

AP, (1) =



Where, n is the number of rectangles, bn;a Is the width of each rectangle, and

the function values are the heights of the rectangles, and it is shown on the
Figure 4 [3].
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Fig. 4. Rectangles method

Then for the numerical solution we construct a grid:

j=0,1,...,m, ..., n;1=0,1,... , M, ... ,N;

It means that the segment (0, t*) is divided into m equal parts, but the
segment (0, t,,,4,) IS divided into n equal parts, and similar division is for the
segment (0; u,,q.)- Steps by the time At by the coordinate Au are given,

t t
then: m= — = 2%
At At

N = (21)

Thus, time iterated items:

AP.(t) = c(r) f; '@Vt =D dr =~ c(NA T, af(ﬁ;’: 0'5)\/ (t+1 = Tjvos) =

=AP.[m]t, 0<t<Tt" (23)
AP.(t) = c(Mf' ")y — 1) = AP.[m] + c(1)Qmax ’(tj+1 - T*).
T < T < Tax (24)

In the same way, numerically, all the values of the contour pressure at each
point are considered, in the form:

Fe(tj) = Po — AF(t)) (25)

The figure 5 demonstrates how the production rate changes. It reaches the
maximum value and becomes constant at the point t*. It means that during
well’s commissioning time the “efficiency”of the well increases. The growth in
values of Q has a big significance in practice.
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Fig. 5. Production rate

The Figure 6 shows the values of contour pressure.
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Figure 6. Contour pressure

In the Figure 7 the bottomhole pressure (Po) is shown.
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Fig. 7. Bottomhole pressure



And finally, let’s determine the pressure at each point u;, but to achieve this
goal it’s necessary to build a difference scheme for the model (11) - (14):

_ Y.j+1—Y.j 1 'j+1_ _j+1 Y_j+1_ J+1
ry et t—=~L v == E(XHO.S —lHAul — Xicos———— Aul_l) ,i=1,...,N—
1;j=0,..,M—1 (26)
v = Py(rye"), i=0,..,N (27)
k Y]+1_Y]+1 ]
—2mr,fetr i —20 =), j=0,.,M-1 (28)
Hw Au
vt =P(t), j=0,.,M—-1 (29)
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Fig. 8. Pressure (inside the grid)
Conclusion

After work performed during the paper’s writing, it was conducted that in oil
well development process, the values obtained using the approximation of a
difference problem have a practical significance. The algorithm for model
solution was successfully implemented in the Java programming language. The
method of solving this problem can be used for other differential problems in oil
fields modeling sphere.
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