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Abstract: in this article considered the use of inequalities to find the limits of
fairly complex sequences. To this end, proved a few inequalities and with the
help of these inequalities calculate limits. The fact is that the values determined
from one practical task, or another can be found not exactly, but approximately.
In the decision of practical problems have to take into account all error
measurements. Moreover, as the improvement of the art and complications
problems have to improve and technique measurement values. In the following
tasks, using inequalities, we calculate the limits of fairly complex sequences.
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NPUMEHEHUWE HEPABEHCTB JJI51 PACUETA JINMMUTOB
CaunHazapoB LAY AcpakyJioBa I[.C.2 (PecnnyOsinka Y30ekncTaH)

1 .
Caunuaszapos lllatinosbex Axkmamosuy - 00Kmop Qu3uUKo-mamemamudecKux
HayK, npogeccop;
2
Acpaxynosa Jlono Cynnamynaesna - KaHouoam Quzuko-mamemamuieckux
HAyK, OOYeHm,
Kagedpa «Bvlcuias mamemamuray,
Tawxenmckuil 20Cy0apcmeenHblil IKOHOMUYECKULL YHUBepCUumen,
2. Tawxenm, Pecnybauka Y3oexucman

Almomauu}l: 6 amol cmamose paccmampueaemcs Uucnoibzosarnue
HepaeeHncmea, umoObl HAUMuU OOCMAMOYHO CILONCHbIE NOCIe008AMENbHOCMU C
amou ueiivio O00KA3AHO HeCKOIbKO Hepaserncmea U C HNOMOWbLHO 9OMUx
HepaeeHcmeEe Bbl4UC]IEeHbl npedeﬂbl. OI’lpe()eJleHHble u3z moeco uiu UHO20
npakmuieckozo 3a()aH1/l}Z, MOJICHO HAUMU He mo4Ho, a npu6ﬂu3umefsz0. Hpu
peueruu npakmu4ecKux 3a0a4 HeobXo00uUMo yuumbsleanmbsv e6ce nocpewHocmu
usvwepeHm?. bonee moco, no mepe ycoeepuleHCmeo6arusl nMexnuKku u l’lp06ﬂ€ﬂ/l
YCIOJMCHEHUA npuxoc)umc;z coesepuieHcmeosamsb U MEXHUKY  USMEPEHUA



3HaueHuul. B crnedyowux sadauax, ucnonv3ys HepaseHCcmea, Mbl BbIYUCIISEM
npeoesvbl 0080JLHO CIONCHBIX NOCIe008AMENbHOCEL.

Knrouesvie  cnosa: npeoeivl, nOCNe008amenbHOCMU  HepageHCcmao,
2APMOHUYECKUL PO, CXOOAUUNCS, PACXOOAUULICA.

The important role of inequalities is determined by their application in various
questions of natural scenic and technology.

The fact is that the values determined from one practical task, or another can
be found not exactly, but approximately. In the decision of practical problems
have to take into account all error measurements. Moreover, as the improvement
of the art and complications problems have to improve and technique
measurement values.

In the following tasks, using inequalities, we calculate the limits of fairly
complex sequences.

Lemma. For any natural n, the following inequality holds

L<In(1+1J<1 (1)
n+1 n n

Evidence. It is known that a monotonically increasing and bounded
variable has a limit. Therefore, there is a limit to the variable x_. This limit is

denoted by the letter e, i.e. [1]

e=limx, = Iim(1+ lj

n—oo n—oo n

Since the value of *» approaches its limit increasing, then *» is less than its
limit, i.e.

X, =[1+%Jn <e (2)

It is easy to check that e <3. We now show that the limit of the variable v, is
equal to e . In fact

n+1 n
limY, :Iim(1+£j :Iim(1+1j -(1+£]:e-1:e
n n n

As Y approaches number e decreasing, that

l n+1
[1+Hj >e (3)
Combining inequalities (2) and (3) we get

n n+l
(1+1J >e< (1+ lj
n n
Logarithm these inequality in the basis of e, finally we find [2]

nln(1+1J <lhe=1<(n +1)In(1+1), L. In(1+1j PE
n

n, n+l n/ n



Lemma proved.
The task of 1. Believing
1 1 11 1 1 11
— — Xg=—F+—+—+—,
3 4 3 4 5 6
1 1 1
N + + + +..+—,
7 8 n n+l n+l1 n+2 2n

find limx,
n—oo

The solution. Replacing n by n-1 in the first part of inequality (1), we

i< In(1+ij: InL

get
n n-1 n-1

From this inequality and the second part of inequality (1) it follows that

Now, using inequalities (4), we write inequalities

n+l1 1 n
In—<=<In——,
n n n-1
n+2 1 n+1
< <In ,
n+l1 n+1 n
n+3 1 n+2
< <In ,
n+2 n+2 n+1
2n+1 1 2n

<In
2n 2n 2n-1

Adding then and taking into account that the sum of logarithms is equal to the

logarithm of the product, we get
n (n+1)n+2)n+3).(2n+1) I S
n(n+1)n+2)..2n n n+l 2n
n(n+1)n+2)..2n

(n=1n(n+1)..(2n-1)

i.e.

<-4+ —+..+—<In—
n n n+1 1n n-1 (5)

Because
2n+1 5 +1
n q' that

lim 1n 271 _ jim |n[2+1j ~In2
n—oo n n—oo n

Exactly the same from




2n _o. 2
n-1 n-1 that

limin 2" —in2

oo -1
So, the extreme members of inequality (5) have the same limits.
Consequently, the middle term has the same limit, i.e.

(11 1 .
lim —+——+...+4—|=limx, =In2
e\ N N+l 2n) noe

_ g gt 11 111
The task of 2. Putting % =+ 22 =275 & =17 5 H g Zn =45 o=

1 1 w1 i
+g‘g+---+(‘1)  calculate M Z,,
The solution. we have

1 11 1 1 1

1 ( 11 11 1 1j
Z,, =l-—4+———+———+..+ —— =1+ -+ -+ +— |-
2 3 4 5 6 2n-1 2n 2 3 4 5 6 2n-1 2n
1

1 1 1 1 1 1 1 11 1 1 1 1
2l —+—+—+. .+ — =1+ -+ -+ -+ + +— |- |1l+=-+=+..+—|=
2 4 6 2n 2 3 4 5 6 2n-1 2n 2 3 n

1 1 1

et
n+l1 n+2 2n
In the previous task we put

Consequently, z, =x ~1 But lim x_=In2. In this way,
n

n—o

. : 1
limz,, = Ilm(zn -—|=In2
n—o n—oo n

Note also, that z,, ., =z,, 1 , and hence limz,, , =lim| z,, + LI
2n +1 n—oo n—oo 2n +1

So, limz, =In2.

N—o0

The task of 3.
Series
1 1 1 1
1+ =+ 4+ 4+ + =+
2 3 4 n

is called harmonic series. Prove that harmonic series diverges.

The solution. according to inequality (1)
1 n+1
=>In——
n n

Assuming n=123,...,n, we write n inequalities:



n n
Adding them, we get
1o 2-3-4..(n+1)

xn:1+l+l+...+—>l =In(n+1)
2 3 n 1.2-3..n
From this inequality it follows that I X, = limIn(n+1) = oo

Therefore, the harmonic series diverges.
The task of 4. Find limit

1+2% +3% +...+n°

lim T , a>0
N—o0 n +a
The solution. we first prove inequality
a+l a+l
n <1+2“+3“+..+n” <M, a>0
a+l a+l

Since « >0 , then «+1>1 and therefore
1+a
(1+1j >1+1+—a,

n n
l+a
(1_1j >1_1+—0(
n n

Multiplying these inequalities by
n*“ we get
(n+1)"* >n"* +(1+a)n?,
(n+1"* >n"* —(1+a)n®,
From these inequalities it follows that
' —(n-1"* . (n+1)" —n*
<n <

l+a l+a
We write these inequalities at values of n=1, 2, 3,...,n:
l+a _
L <l< 2 1,
1+« 1+ o
21+a _1 Y 31+a _ 21+a
< P E—
1+« l+a




Adding them we get

1+a 1+
i<1+2“ +3%+...+n% < (n+1) < (n+1)
l+a l+a l+a
From here
1+a
1+1
1 1+2% +3% +...+n“ n
< <
l+a n* 1+a

The lest part of the last inequalities is the constant number % , and the
+a

right side tends to the limit equal to 1# , When n tends to infinity. Hence, the
+a
middle part of the inequalities tends to the same limit, i.e.

. 1+2%4+3% +...+n” 1
lim =

n—oo n1+0!
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